
 

Quantum Double models
A spin like Hilbert space

V is defined
at each lattice link Ig geo

dim u 161

Define linear operators LE ge G associated

with vertices and TI he G associated with

plaquettes
2 127 1927 1127 1287

I z 84,127 I 7 84 iz z

In the case of Tonic code model

EI I o TI 1 07
2

We have commutation relations

TheTithLt LITT's'LL

LILI'S'Ll LI TI T.TL
introduce orientation on edges

1 g 1,9 12
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To each vertex u of the lattice we

assign vertex operator defined by
A u Eat Lt21,31 14

Similarly define plaquette op

B p E.net I T.TT

All operators Alr and B p commute
with each other

define Hamiltonian

H EACH BG

Ground state is a stabilizer state

satisfying
x A 4 3 13 BG 47 13 K up

excitations are identified by the

violation of conditions
The Hamiltonian is naturally gapped
as A u and B p have discrete spectra
quantum inf is energetically protected



Example I Abelian quantum double models

Yet G Zd 0,1 d I

we have g h g th mad d

Next consider lattice with square geometry
and assign d level spins

on every edge

generalized Pauli operators

X Intl madd Chl
he d

Z Eww
4 ht weed'ild

For d 2 we recover usual Pauli oxandoz

general arbitrary d
commutation rels

ZX WXZ G x

eigenstates of X operator are

Ig tag wth h g o d l

with eigenvalues w E e in
geza

vertex and plaquelte operators

Afv X XIX Xy Blp Z 22,74
both have eigenvalues wa g o d l



Consider a general eigenstate 12 of all
vertex and plaquette operators

vertex r a plaquette p is unoccupied if
A v 4 14 or Blp 147 14

anyone is associated with vertex r if
A 2 14 war 4

any on mh is associated with plaquettep if
BCP M Wh us

presence of both an yous is associated

with composite particle 9th

Specify Hamiltonian to be

H EELAM Eager
has anyonic vacuum 17 as ground state

assigns equal energy to all et

quasiparticle excitations as ELAN
act

identically on each any on es ge Zd

analogously for excitations us

d different particle species

I eat mat EG t g he Zd



Fusion rules
eat eh e9th odd notxmh math madd

EG x mh 9,4

Braiding From the commutation relation xx

we deduce the R matrix

1219
e gun wth we eatild

Generation of anyone is achieved by
applying Z or X spin rotations to ground
state 13

I
4 Isat og It Egg
3 rig

S
by p 22 mg
B

single spin rotations
create particle antip

pairs with positions determined by
orientations of corresponding link



Example II The non Abelian DCS model

We take G to be simplest non Abelian

finite group G S

S e c c t te te
Jp

identity cyclic per I
exchange of 112

we have the c e te cat

1531 6

Pick oriented two dimensional

square lattice assign 6 level spin
spanned by states g
to each edge

Define operators acting on vertex u by

Agt Lt Lt L 3 L forge Ss
Ii

Ag u gu jus g gag s Iggy

Iggy1g

satisfy Ag u Ag u o f nu g g



build vertex operator Alr as

A v to Ae 2 Aclu Ac 2 AtutatchtAted

Similarly define Bep
stabilizer space

consists of states
with no quasi particles

Alu 77 13 Bep 137 13
Hamiltonian is given by

H EAM Bep

Define projectors onto quasiparticle

occupations of vertices

Pa u I Adult Aclu Act Att AtollAta

Palu t 2Aely Aclu Aclu

have Pk Px r 0 for xxx

Pauly 14 quasiparticle X at u

Pa 4 4 14 quasiparticle d at u



Creation operators

Wa s le cel le colt loyal It Ctl
Ha Ctrl Ite tal

Wa s 2 e cel le al 1a al
can be checked by applying
Pa and Pa
Earles
A x 11 1 AXE OI Ex I I tht I

I is non Abelian an you

there are more anyone
in DCs

but we focus here on closed
sub algebra 1 A E

Verification
WaCs Wals Wa s

Wp s Wals 4 e celt lad 10 44
W s Wals t Wals


